The number of excluded minors for the graphs with path-width at most two is too large. To give a practical characterization of the obstructions for path-width at most two, we introduce the concept reducibility. We describe some operations, which preserve path-width at most two, and reduce the excluded minors to smaller graphs. In this sense, there are ten graphs which are non-reducible and obstructions for path-width at most two.
four, but the list was still incomplete. N.G. Kinnersley in her Ph.D. thesis determined the 110 minimal forbidden minors for path-width at most two.
In order to be able to obtain a practical characterization, one has to introduce -in some sense -good operations, which reduce the excluded minors to some fundamental(nonreducible) graphs. The non-reducible graphs are minimal respect to a partial order, which is a refinement of the minor relation. In this paper we describe some good operations, and the non-reducible graphs for the class of graphs with path-width at most two.
Notations and definitions
We only consider finite simple graphs. A graph H is a minor of a graph G, if H can be obtained from a subgraph of G by contracting edges. A path-decomposition of a graph G is a pair (P, W ), where P is a path and W = (W p : p ∈ V (P )) is a family of subsets of V (G), satisfying (1) p∈V (P ) W p = V (G), and every edge of G has both ends in some W p , and (2) if p, p ′ , p ′′ ∈ V (P ) and p ′ lies on the path from p to p ′′ , then
The width of a path-decomposition is max(|W p | − 1 : p ∈ V (P )), and the path-width of G is the minimum width of all path-decompositions of G.
A separation of a graph G is a triple (A, B, (v 1 , v 2 , . . . , v k )) where A, B are subgraphs of G with A ∪ B = G, E(A) ∩ E(B) = ∅, and V (A) ∩ V (B) = {v 1 , v 2 , . . . , v k }. Let a structure S be a pair (G(S), (u 1 , u 2 , . . . , u j )), where G(S) is a graph, and u 1 , u 2 , . . . , u j are distinct vertices of G(S), called the vertices of attachment of S. A graph G has a structure S, if G has a separation (A, B, (v 1 , v 2 , . . . , v k )) where (B, (v 1 , v 2 , . . . , v k )) is isomorphic to S. A reduction R is a pair of structures, S R and T R , with the same sequence of vertices of attachment and |V (S R )| > |V (T R )|. A variation R is a pair of structures, S R and T R , with the same sequence of vertices of attachment and |V (S R )| = |V (T R )|. From now on we say operation instead of the three words reduction or variation . For graphs G, H and operation R, the graph H is obtained from G by performing R if H is obtained from G by replacing S R by T R . For a reduction R, define the following partial order: H ≤ R G if there is a sequence of graphs H = G 1 , G 2 , . . . , G k = G such that for every i < k, G i is obtained from G i+1 by performing R. Naturally we can define ≤ R if we have a class R of reductions. If A is a set of graphs, a reduction R is A-monotone if for all graphs
By saying a graph has or contains an operation R, it is meant that the graph has a spanned S R subgraph. A graph G is reducible if G has a reduction. R(G) abbreviates that the operation R was performed on G, so R(G) = G \ S R ∪ T R .
3 P W 2-safe operations Let P W 2 be the set of all simple graphs with path-width at most two. We will discuss P W 2-safe operations. With these operations, our goal is to simplify the determination of the excluded minors for path-width at most two. On the other hand, also to prove that the graphs in the list of minimal excluded minors has path-width at least three. Because clearly it is enough to prove this statement for those graphs, which are not only minorminimal, but also minimal in the ≤ R order, where R is the class of reductions described below.
In our proofs the following lemma will be frequently used.
Lemma 3.1 [8] Let k ≥ 0 be an integer, and let G be a graph. G has path-width at most k if and only if G is a subgraph of an interval graph that has no subgraph isomorphic to K k+2 .
Proof: Exercise. 2
If pw(G) ≤ 2, then we can represent the vertices of G with closed intervals of the real line, such that there are no four pairwise intersecting intervals, and if two vertices of G are adjacent, then the corresponding intervals intersect. We call such a representation a proper representation of G. If in a proper representation there are k intervals above a fixed real point, we say that the width of the representation at that point is k.
Let I denote the set of all closed intervals of the real line. Let φ : V (G) → I be a mapping, such that φ(v) = (l(v), r(v)), where l(v), r(v) simply denotes the left, resp. right endpoint of the interval representing the vertex v. In a series of Lemmas we prove the main features of the operations. Path-width is a minor-monotone graph property, so the followings are true.
Operation 1: Deletion of an edge. Trivially preserves path-width at most two, so a P W 2-monotone reduction.
Operation 2: Contraction of an edge. Trivially preserves path-width at most two, so a P W 2-monotone reduction.
From now on the considered operations will be P W 2-safe. 
Proof: '=⇒ ' Let G be a graph with path-width at most two, containing an O 3 variation. 
Proof: '=⇒ ' Let G be a graph with path-width at most two, containing an O 5 reduction. Assume, that in the proper representation of G, the representation of S 5 has width three. Then we get a proper representation of O 5 (G) by deleting the representation of S 5 , and then adding I a = I b = I x = p at point p, where the width was three. Otherwise the proper representation of G contains the following: I x ⊂ I y , the left endpoint of I a 1 , and the right endpoint of I b 1 is on the left from the left endpoint of I y (l(a 1 ) < l(y) and r(b 1 ) < l(y)), and the reversed situation with I a 2 and I b 2 on the right-hand side. The degree of x is at least 3. This means that there is a point p where the width is just two. By deleting the representation of S 5 , the width becomes 0, so we can add the representation of a K 3 at this point. '⇐=' Assume we have a proper representation of O 5 (G). Then I x ∩ I a ∩ I b causes width three on an interval, say J. Now we get a proper representation of G by deleting I a , I b , and then adding I y , I a i , I b i for i = 1, 2, on J, in the following way:
, and the intervals are disjoint otherwise. 2
In [7] , the mimimal acyclic forbidden minors (=excluded trees) for path-width at most two were determined. In the view of the previous lemmas, they have the same structure. There are ten such trees, but they are all reducible.
Remark 3.6 The last two operations can be used to reduce the excluded trees to one fundamental graph, D 3 . 
Proof: '=⇒ ' Let G be a graph with path-width at most two, containing an O 7 reduction. Assume we have a proper representation of G ⊃ S 7 with intervals. Case I. I x ∩ I y = ∅. Then the monotonicity of this operation follows from Lemma 3.3. Case II. I x ∩ I y = ∅. By symmetry, assume that l(z) < r(x) < l(y) < r(z). If I a ∩ I b intersects the interval (r(x), l(y)), say at point p, then the proper representation of
z is deleted, and the rest is unchanged. Otherwise I a ∩ I b is disjoint from I x ∪ I y , say it lies right from r(y). This means that I y ⊂ I z . Because deg(y) ≥ 3, there are at least two intervals intersecting I y . The width at these points is three. So there cannot be two intersecting intervals above I y , so there must be a subinterval of I y , where the width is only two. Let p be a point of this subinterval. The proper representation of O 7 (G) will be the following: r(x ′ ) = l(a ′ ) = p, r(y ′ ) = r(a ′ ) = r(a), I z is deleted, and the rest is unchanged. '⇐= ' O 3 is P W 2-safe. So it is enough to prove, that we can get a proper representation for G, from the proper representation of O 3 (O 7 (G)). To do this, we can assume that deg = (s, t, x, y, z, a, b) , where z, a, b and t, y, z span a 2-path, Figure 7 :
and an edge-deletion, so clearly a P W 2-monotone reduction. '⇐= ' To see this, we have to prove that we can reverse the edge-deletion above. So we can join a new vertex to an old one (if the old vertex has degree at least three), and the graph remains properly representable. This follows from the fact, that the width is three entirely above an interval iff the interval is completely contained in two other intervals. 2
The characterization theorem
The class of excluded minor theorems had the following structure: 'A graph G has property P iff G has no H-minor, where H is from the list L.' In our case the list would be too long, so instead of the minor relation we can give the characterization respect to reducibility. (ii) G is not reducible to any of the graphs listed on Figure 8 .
The (i)⇒(ii) implication will be shown in the next section. The other (much more technical) direction is presented in [2] . Remark 4.2 One can extend the above characterization by listing all excluded minors of the class of graphs with path-width at most two. The complete list consists of 110 graphs, see [4] . This type of characterization is also given implicitly in [2] . One major point of our paper is that the appropriate theorem is not the excluded minor theorem but the one we presented.
Path-width of the non-reducible graphs
The excluded minors can be reduced to the following ten fundamental graphs. These graphs are non-reducible in the sense, that they do not contain any reduction. However some of the ten graphs has the variation O 3 . In such case, here we just picked out one of the variated graphs. 000 111 00 00 00 00 00 00 00 00 00 00 00 00 11 11 11 11 11 11 00 00 00 00 00 00 11 11 11 11 11 11 000 000 000 000 111 111 111 111 000 111 00 00 00 00 00 00 11 11 11 11 11 11 00 00 00 00 00 00 11 11 11 11 11 11 000 000 000 000 111 111 111 111 000 111 00 00 00 00 00 00 11 11 11 11 11 11 00 00 00 00 00 00 By proving that these ten non-reducible graphs have path-width at least three, this statement yields for all excluded minors. To see that pw(G) = 3 for the excluded minors, is just a simple checking after the coming series of Lemmas. We usually do the checking with the cops-and-rubber game described e.g. in [8] .
The following is trivial.
Lemma 5.1 K 4 has path-width three.
The proof for the other graphs is based on Lemma 3.1.
Lemma 5.2 The graph F 2 has path-width at least three.
Proof: ((Actually it follows from the proof of Lemma 3.5)) Let x and y denote the 3-valent vertices, and let their neighbours be v 1 , v 2 , v 3 resp. w 1 , w 2 , w 3 , such that v i w i is an edge for i = 1, 2, 3. If in the interval representation of F 2 the intervals I v i are pairwise non-intersecting, then one of these intervals, say I v 2 must be completely above I x . But v 2 w 2 is an edge, which cause width three at a certain point. But v 1 w 1 yw 3 v 3 is a path, whose representation must cross that certain point. So the width is at least four in this case. Otherwise two I v i intervals intersect, say I v 1 and I v 2 . That form again width three with I x at a certain point. Assume the left endpoint of I v 2 to be on the right from the left endpoint of I v 1 . Then the representation of the path v 2 w 2 yw 3 v 3 must intersect the above point. So the width is at least four. 2 Lemma 5.3 The graph F 3 has path-width at least three.
Proof: Let x, y, z denote the 4-valent vertices. They form a K 3 , so their interval representation has width three. But x and y has a common neighbour, say v 1 . Not to get width four, I v 1 must be completely on one side of I z , say on the left. Similarly x and z has a common neighbour, say v 2 . Now I v 2 must be on the right from the right endpoint of I y . But in this way the intersection of I y and I z must be completely above I x . So the representation of the common neighbour of y and z cause width four. Proof: Let x, y, z denote the 4-valent vertices. If I x ⊂ I y , then the representation of the neighbours of x cause width four. (the same argument yields for the symmetric cases.) If one endpoint of I x is not intersected by I y and I z , then there must be an interval, say I y which has already width two at every point. Then again the representation of the other two neighbours of y cause width four. In the remaining case, say the left endpoint of I y is left from I x , and the right endpoint of I z is right from I x . But in this case I x has width two again at every point. 2
Lemma 5.5 The spaceship graph S has path-width at least three. ′ , y ′ , y induces a C 4 . Both x and y is a vertex of a K 3 , so in the representation of S these triangles causes width three at two points on the real line. So the rest of the intervals must be entirely between these two points, where the width is already at least one everywhere. But there is another K 3 , namely x ′ , y ′ , z, which causes now width at least four. This contradiction completes the proof. 2 Lemma 5.6 The Eiffel-graph E has path-width at least three. Proof: Let x, y, z be the 4-valent vertices, and denote the 2-paths adjacent to them by
Assume we have a proper representation for E. Observe that e.g. I z ⊃ I y ⊃ I x is not possible, because x has other neighbours. If I z ⊂ (I x ∪ I y ), then w.l.o.g. we can assume that I a 3 and I b 3 are represented over I y . Now both I x ∩ I y ∩ I z and I y ∩ I z ∩ I a 3 causes width three. So the 3-path from y to z should be represented between these two intersection. But this is impossible, because the width is already two there. If e.g. I x ⊂ (I y ∪ I z ), then I x ∩ I y ∩ I z causes width three. But then again the 3-path from y to z should be represented, and this is not possible. The rest of the cases are symmetric to the above ones. 2
Lemma 5.7 The graph T 1 has path-width at least three.
Proof: Let x, y, z denote the 4-valent vertices. z is a vertex of the triangle. If the representation of any A 7 has width three, then the proof is the same as for Lemma 5.8. Otherwise we know how the representation of A 7 looks like. See Lemma 3.7. We can assume that the width at l(z) is three, and the two A 7 subgraphs are represented right from this point. A hole A 7 cannot be represented above I z , because there is a path between x and y. Then the only possibility is that both I x and I y intersects r(z). But now in one endpoint of I x or I y is already three, so the representation of A 7 is not any more possible. 2
Lemma 5.8 The graph T 2 has path-width at least three.
Proof: If we delete the vertices of the two triangles, then the remaining graph A 6 has path-width two. So its representation has width three. The two triangles are joined by an edge, which means that in any proper representation this configuration causes width three at two points, say p 1 and p 2 , and the width is at least one between these two points. But A 6 is joined to both triangles, so its representation should be entirely between p 1 and p 2 . This contradiction completes the proof. 2
Lemma 5.9 The graph D 3 has path-width at least three.
Proof: This is almost the same as in the previous lemma, but trivial anyway. 2
Lemma 5.10 The graph U has path-width at least three.
Proof: x, y 1 , y 2 form a triangle. Let I x ∩ I y 1 ∩ I y 2 := r. The interval I z must lie entirely say on the right from r. So r < l(z). Let now I x ∩I z ∩I y 3 := s. It is easy to see, that I w must be on the right from s, so s < l(w) < r(x). Also z has neighbours a 2 , a 3 , a 4 , and they have resp. neighbours b 2 , b 3 , b 4 . This configuration was considered before, so the only proper representation in this case contains the followings: l(b 2 ) = r(b 2 ) = l(a 2 ) < l(z) < r(a 2 ); l(a 3 ) < r(z) < r(a 3 ) = l(b 3 ) = r(b 3 ); and l(b(4) < r(w) < l(a 4 ) = r(b 4 ) = r(a 4 ) < l(a 3 ). But this means that the width in the endpoints of I w is three, and at least two in every other point of I w . So the representation of a 1 , b 1 causes width at least four. 2
Conclusion: So we proved that if a graph G is reducible to any of the ten graphs shown in Figure 8 , then G has path-width at least three. 
